This work deals with braneworld scenarios obtained from N real scalar fields, whose dynamics is generalized to include higher order power in the derivative of the fields. For the scalar fields being driven by nonstandard dynamics, we show how a first-order formalism can be obtained for flat brane in the presence of several fields. We then illustrate our findings investigating distinct potentials with one and two fields, obtaining stable standard and compact solutions in the braneworld theory. In particular, we have found different models describing the very same warp factor.
I. INTRODUCTION
In the braneworld scenario with a single extra dimension of infinite extent, the braneworld consists in a domain wall embedded in the higher dimensional bulk. The defect represents the three-dimensional universe and, for more than one decade, distinct braneworld scenarios have been studied. In this environment, relevant issues which can be nicely discussed are, for instance, the gauge hierarchy and the cosmological constant problems [1] [2] [3] [4] .
Although the original work [3] does not include scalar fields, models with one or more scalar fields coupled to gravity have been used to describe thick branes [5] . The spacetime around the brane can be five-dimensional antide Sitter (AdS 5 ) and, when the geometry inside the brane is Minkowski, it is called flat brane. However, in the case of four-dimensional anti-de Sitter (AdS 4 ) or de-Sitter (dS 4 ) geometry, we have a bent brane, which requires a nonvanishing cosmological constant. In this work we focus mainly on flat branes, thus we will only consider the case of vanishing cosmological constant.
The main features of these branes depend not only on the way the scalar fields couple to gravity, but also on how they self-interact and interact among themselves. There are many studies which focus on standard dynamics, with the scalar fields interacting via the respective potential. The topological structures that arises from the scalar field constitutes a brane and, in this case, the main features of the brane only depend on the parameters introduced in the potential.
In recent years, however, one has studied different models, for which the dynamics is generalized to include higher order power on the derivative of the fields. These models were inspired by Cosmology, focusing mainly on dark energy [6] [7] [8] . Other studies have been introduced recently [9] [10] [11] [12] [13] [14] [15] . In Ref. [9] , for instance, one has found global defect structures: kinks, global vortices and global monopolos. In Ref. [10] , some important aspects of kinks have been investigated, among them the conditions for the preservation of linear stability. Furthermore, in Ref. [11] it was shown how the generalized models can support a first-order framework. As an interesting result, the generalized models may also support topological solutions with finite wavelength, being of compact nature [16] . In contrast with the standard kink, compactons only support massive states bounded to it [10, 11, 17, 18 ]. Another interesting result appears in the recent work [19] , where one identifies the thick brane splitting caused by the spacetime torsion.
In this work, we focus on the flat brane scenario, with gravity being described standardly, but with the scalar fields being driven by nonstandard kinetic terms. The main aim is to introduce the first-order framework for several distinct scalar fields. For pedagogical reasons, we organize the work as follow. In Sec. II we study generalized models describing flat branes in a five-dimensional bulk where the gravity is coupled with N scalar fields. In Sec. III we focus on specific models, to illustrate how the main results work for one and two real scalar fields, with their corresponding solutions. We then move on to investigate stability in Sec. IV, and we conclude the work in Sec. V with some comments and conclusions.
II. GENERALIZED BRANEWORLD MODELS
The models that we investigate describe fivedimensional gravity coupled to a set of N scalar fields {φ 1 , φ 2 , . . . , φ N }. They are driven by the following action
where i, j = 1, 2, . . . , N . Here we are using 4πG (5) = 1 and g = det(g ab ), for a, b = 0, 1, ..., 4. We also define the quantities X ij as
which are symmetric by construction. The line element for the five-dimensional spacetime can be written as
Note that the four-dimensional spacetime is flat, so it has the following line element
The function A = A(y) controls the warp factor e 2A . If the function A(y) be even, the brane is symmetric.
For the above metric, the Einstein equations are G ab = 2 T ab , with the energy-momentum tensor having the form
The equations of motion for the scalar fields are given by
or more explicitly
where G ab has the form
Here we are using the notation:
As usual, we suppose that the scalar fields are static, and also, it only depends on the extra dimension. Therefore, we have A = A(y) and φ i = φ i (y) and the N equations of motion for scalar fields reduce to
where prime denote derivative with respect to the extra dimension and
An important characteristic of the brane, the energy density
can be found explicitly, for the models to be investigated below.
We take the standard case as
where
with h ij (φ l ) being a symmetric matrix that represents the metric on the scalar target space [20] . In the case of flat brane we get the Eisntein equations
The second equation is the null energy condition. This impose that the brane pressure is aways positive. Thus, the scalar fields model must obey the condition L − 2X ij L Xij > 0. If we now multiply each one of the equations in (9) by the corresponding φ i and add them, we get
If we substitute the Eq. (13b) above, we recover Eq. (13a). Therefore, the equations (13) are not independent from each other. Also, we recall that (14) can be obtained from the Bianchi identity ∇ a G ab = 0. We choose the derivative of the warp factor with respect to the extra dimension to be a function of the N scalar fields, in the form
where W = W (φ i ) is a function of the N scalar fields φ i . Substituting this into (13a), we can write
A possible set of solutions for this equation is
which is the same equation that appears in the absence of gravity [11] . Note that the equation (13b) leads to the constraint
Using the above N + 1 equations (17), we can show that the derivative of the fields can be expressed in terms of the fields themselves, that is,
It is not difficult to show that for fields that obey the constraint (17b), the equations (18) solve the second-order equations (9) and (13a). Also, we can write the energy density as
In this paper, we focus attention on models described by L = L(φ i , X), with X defined by Eq. (12) . In this case, we can rewrite the equations (17) in the form
where h
We can use Eq. (20a) to write
which is a very useful expression, to be used in the calculations that follow below.
As an illustration, let us consider the standard case given by Eq. (11) . We use the Eq (20a) to obtain the set of first order equations
We then use Eq. (21) to write X = −
We note that this is one of the results of Refs. [20] . As a second example, let us introduce the kinematically modified case for N fields, given by
where n = 1, 2, 3, .... This generalizes the model with one field, introduced in Ref. [17] . The first-order equations are
We use the Eq. (21) in order to obtain the relation:
With this and the Eq. (20b), we can write the potential
Comparing this expression with Eq. (22b) for the potential of the standard case, we see that only the W φi portion of the potential is changed. There is a simple reason for this: the W portion of the potential is the geometric contribution, and the gravity portion of the model remains unchanged.
III. SPECIFIC MODELS
Let us now consider explicit examples of scalar field models, described by one and by two real scalar fields.
A. One-field models
Let us first study models described by a single scalar field. Here, however, we change the standard strategy, fixing the profile of the solution and then finding the respective W . For a single field, the equation (24a) and the potential (22b) change to
with h = 1, evidently. For W φ = 0, the warp factor can be expressed in the form
and the energy density as
We choose the kink solution
In the absence of gravity, this is the well known solution of the φ 4 model, with spontaneous symmetry breaking. From the solution, using the Eq. (25a), we can reconstruct W (φ). In this case, we get to
This hipergeometric function 2 F 1 is a polynomial with degree 4n − 1. For example, we can write explicitly
for n = 1 and n = 2, respectively. Using the Eq. (25b), we can write the following potentials
for n = 1 and n = 2, respectively. In general, the potential is a polynomial with degree 8n−2. The potential has five local extrema: φ 0 , being the central extremum, is a local maximum at φ 0 = 0, where
is always a positive constant. Two other local extrema are local minima: they are φ ± = ±1, with
which is negative. There are two other local maxima.
The behavior of the potential around the central maximum is shown in Fig. 1 . Moreover, we can note that V (φ → ±∞) → −∞; thus, although it is not shown in the respective figures, the potentials go asymptotically to −∞. Despite having the same solution, these models have other distinct characteristics, as the warp function and the energy density. The warp functions are
for n = 1 and n = 2, respectvely, where S = sech(y).
Here we fix A(0) = 0. In Fig. 2 we depict the warp function for some values of n. We note that the warp factor e 2A decays slower for bigger n. This can be verified from the behavior of the warp factor far outside the brane:
The ratio between the Gamma functions goes to zero for increasing n. The energy densities also depend on n. For n = 1 and 2, the expressions are 
In the Fig. 3 we depict the profile of the energy density for some values of n. Another possibility is to take the one field model that support compact solution. We choose the specific form
This solution obeys the first order equation φ ′ = |1 − φ 2 |. Thus, using the Eq. (25a), we can reconstruct W (φ) as
For example, we write explicitly
for n = 1 and for n = 2, respectively. The potential have three local extrema: one maximum φ 0 , at φ 0 = 0, where
is always a positive constant. The two other are local minima, at φ ± = ±1, with
with negative value. The behavior of the φ 0 and φ ± as a function on n is shown in Fig. 4 . Moreover, we can note that V (φ → ±∞) → −∞. The warp function can be written as for n = 1 and for n = 2, respectively. We fix A(0) = 0. Note that for |y| > π/2, the behavior of the warp factor is similar to the case of a thin brane. This happens because the scalar field is compact, so it is at a local minimum of the potential for |y| > π/2. In the Fig. (5) , we plot the profile of warp factor for some values of n. for n = 1 and for n = 2, respectively. Before closing this section, let us study the interesting case where two distinct models lead to the very same warp function A(y). The issue here is motivated by recent investigations on twinlike models, which are different models supporting the very same defect structure [21] . The idea is to construct two distinct models, supporting different defect structures, but giving rise to the very same warp factor. Using the Eq. (13b), we have
which can be related via two distance models, with different values of n (say, n 1 and n 2 ). If we impose that the warp factor is the same, we get that φ
n2 . We illustrate this choosing n 1 = 1 and n 2 = 2 and the warp function (33a). In this case, for the first model, with n 1 = 1, we get the solution given by Eq. (28), where φ ′ 1 = sech 2 (y). On the other hand, for the second model, with n 2 = 2 we get φ ′ 2 = sech(y), and the respective solution φ 2 (y) = arcsinh(tanh(x)). Now, it is not hard to see that this solutions can be obtained with
This ends the calculation. In particular, we note that our focus on the construction of the model from the defect structure the scalar field engenders, is crucial to implement the above issue, that allows obtaining different models that support the very same warp factor.
B. Two-field models
Let us now consider models described by two real scalar fields. We use the model (23) with n = 2. In the case of one-field models, we compared models with distinct n. Here, however, we compare two possible solutions for the same n.
Taking φ 1 = φ and φ 2 = χ, we can write
and assuming that h ij = δ ij we obtain
Equation (20a) allows us to write
We use these equations to write
Eq. (20b) can be used to write the potential as
Now, we take the two Eqs. (48) to decouple the derivates of fields φ ′ and χ ′ ; we get
We see that the set of constant and uniform solutions can be found taking W φ = 0 and W χ = 0. Note that these solutions identify the local minima of the potential, and they make the potential vanish in Minkowski space, or be a negative constant in anti-de Sitter space. The warp function A(y) can be expressed as a function of the fields φ and χ; using (15) we get
We can also use Eqs. (51) to get
Solutions of this equation are orbits in the plane (φ, χ).
To show how to solve this problem, let us consider the specific model
This model was studied in several works, see e.,g., Ref. [22] . In the present investigation, the potential has the form
The Eqs. (51) can be written as
There are four homogeneous solutions, for r > 0:
We use (53) to get
We use this equation to obtain the orbit
where c is a real constant and r = 1/2. Each orbit leads to a couple of solutions φ(y) and χ(y); consequently, a different A(y) is obtained case by case. To illustrate, let us study two distinct cases, describing two distinct orbits. Both orbits connect the two minima v 1 to v 3 . Firstly, we get the orbit given by the straight line obtained by the condition χ = 0. In this case, the equation (56a) is written as
and according to [23] has the folowing solution
where φ s (y) is the solution of the transcendental equation
and L s = 3
Using the Eq. (52), we write the warp factor as
with φ s (y) being a solution of Eq. (60). The second orbit is elliptical and can be obtained if we make c = 0 in (57). In this case we obtain
for 0 < r < 1/2. Substituting this orbit into Eq. (56a), we get
The solution depends on r. For simplicity, we choose the case r = 1/3, and now the above equation becomes
We obtain the solution as
where φ e is the solution of the transcendental equation
and L e = 3 
with φ e (y) is solution of Eq. (67). The profile of the solutions φ(y) and χ(y) is shown in Fig. 7 . They are compact solutions for both the straight and elliptical orbits. For these solutions, the thickness is well defined, giving by L s and L e . We note that L e /L s ≃ 1.861. In the absence of gravity, in the standard case, the solutions for the two distinct orbits are φ(y) = tanh(y) and χ(x) = 0, φ(y) = tanh(2ry) and χ(x) = 1 − 2r r sech(2ry), respectively. Here, the ratio between the thickness of the two solutions is 1/2r, and for r = 1/3, it gives 1.5. In the Fig. 8 , we plot the profile of the warp factor for the two solutions, obeying the straight and elliptical orbits.
IV. STABILITY
The present study is of direct interest to high energy physics, but it is important to know if the modifications introduced in the scalar field sector contribute to destabilize the geometric degrees of freedom of the braneworld model. To investigate this issue, let us study linear stability in the usual way. We consider perturbations in the form
The perturbation π ab obeys the restriction π µ4 (y, x) = 0. Also, we have to have π ab = −g am π mn g nb . We rewrite π µν (y, x) as π µν (y, x) = e 2A(y) h µν (y, x), and now the perturbed line element has the form
We must also consider fluctuations on the set of scalar fields
The first-order contribution to the fluctuations of the term X ij is written as
(73) Also, the first-order contribution of the Einstein equations in Ricci tensor appears as R ab = 2T ab , withT ab = T ab − 
where η αβ is the metric on the Minkowski space. Thus, Einstein's equation can be written in components. The {µ, ν}-component becomes:
and finally the {4, 4}-component has the form
The equation of motion for the scalar field gives
Let us now consider the transverse traceless components for metric fluctuations
where τ µν ≡ h µν −∂ µ ∂ ν / . We note that the net effect of this projection operation is to decouple the metric fluctuation equation from the scalar field equation, even in the general case which is being considered in the present work. As a matter of fact, we can check that
The next steps follow the standard procedure: we chance the y-coordinate for a z-coordinate, in order to make the metric conformally flat, with dz = e −A(y) dy. This allows changing the Eq. (71) to
and now we can rewrite the Eq. (78) as
In order to remove the first derivative in this equation, we redefine the gravitational field h µν in the following way:
is the ground-state of the associated quantum mechanical problem. This leads to the important conclusion that the modification appearing from the N scalar fields dynamics does not contribute to destabilize the geometric degrees of freedom which appears in the standard braneworld scenario. Thus, the proposed modification is robust.
For example, we plot the Schroedinger-like potentials for the models given by W functions (29) and (41), for the standard kink (Fig. 9 ) and compact solutions (Fig. 10) , respectively. We make the transformations of the variables y to z which depends on the warp functions A(y). In both cases, all potentials are vulcano-like, with their vibrational modes being asymptotically plane waves, with k 2 > 0. We note that the height of the maxima of the quantum-mechanical potential decreases for increasing n. 
V. CONCLUSIONS
In this work we studied models described by N real scalar fields, coupled to gravity in the brane scenario, with a single extra dimension of infinite extent. The main novelty of the investigation concerns the nonstandard dynamics that drives the scalar fields, and the focus on the construction of the model from the defect structure that solves the the first-order equations associated to the set of scalar fields. We illustrated the general results with several examples described by one and by two scalar fields, for several distinct generalized dynamics, governed by the integer n, as in Eq. (23) and in Eqs. (46) and (47).
In the case of a single field, we also considered an interesting case, where we constructed the very same warp factor, using two distinct models, supporting distinct defect structures.
In order to complete the investigation, we studied stability in the standard sense, introducing fluctuations in both the scalar fields and in the metric. We used explicit results to show that the fluctuations decouple, even though we are working in a more general scenario, where the dynamics of the scalar fields is changed to allow for higher order terms in the derivative of the fields. In particular, we depicted the quantum mechanical potential associated to the fluctuations in the metric, in the case of two distinct situations, described by (29) and by (41), for several values on n. The results show that fluctuations in the metric follow the standard scenario, despite the generalized dynamics engendered by the scalar fields.
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